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Discriminant analysis

I Classical approach to supervised classification

I Very popular thanks to its simplicity

Variants:

I Linear discriminant analysis (LDA) [Fisher, 1936]
I Quadratic discriminant analysis (QDA)

I Various generalizations [see EOSL, Hastie et al, 2009]

\Both LDA and QDA perform well on an amazingly large and
diverse set of classi cation tasks. [...] It seems that whatever
exotic tools are the rage of the day, we should always have
available these two simple tools." [Hastie et al, 2009]



Setup and notation

where = ( 1;::1; g)and = (X1;:::; %)

I Bayes classifier: given a predictor X , a prediction ¥ (X ) is
made based on the posterior probability of the response y :

y(x ) =argmaxPr(y =gjx)
902G



Discriminant functions

. B :
Prly =gjx) 7 Py = g)p(x jy = g)
= ofne(X5 g g)
g- prior probability for categoryg

fn,: pdf of ad-dimensional normal
| E.g., two categories @1;go) with 1= 2 (X )= g1 if
logPrly = g1jx)>logPrly = g2jx)

I The assumption of normality of the predictors leads to a
discriminant inequalityquadraticin x (QDA)

| Further assuming that 4 = for every g 2 G leads to a
discriminant inequalitylinearin x (LDA)



Parameters

The discriminant inequalities involve parameters to be estimated:
LDA:  =( 1::15 6)y =( 150155 o)
QDA:  =( 115y 6)y =( ity 6) =( 13555 6)
Approach is exible in the choice of the estimation method:

I Maximum likelihood estimators
| Bayesian posterior estimators

| Other estimators, depending on the focus



LDA, QDA or other variants?

I QDA makes less assumptions than LDA but requires
estimating a larger number of parameters

| Issue when the class-speci ¢ sizeg are small andd is large

Compromises studied in the literature,qg.

I Regularized discriminant analysis (RDA) [Friedman, 1989]
Ag( )= Ag +(1 )"

Ag( ) combines the assumptions of LDA and QDA

We instead explore methods that lie in between LDA and QDA



Between LDA and QDA

Example withG = 4. Hasse diagram:

| LDA and QDA extreme cases of a rich collection of models



Bent discriminant analysis

| Problem of selecting amonBg (Bell number) models
I Bg =15 whenG =4 as in the example
I fmodelg ! f partitions of G= f1;:::;Ggg
e.g. f1;2g;f3;4g corresponds to model; = 5, 3= 4

I Idea: assigning positive prior probability to all possible
partitions of G

| Our proposal: bent discriminant analysis (BDA)

| LDA and QDA are special cases of BDA



Toy example withG = 4 classes

I Simulateng = 100 points per class from a normal distribution
I Means: 1=(0;0), 2=(4;1), 3=( 43), 4=(0;4)

| Covariances: 1, 2, 3= 4 (i.e. f1g;f2g;f3;4Q)



Toy example: classi cation regions

LDA QDA BDA

LDA: 1= 2= 3= 4
QDA: 1, 2, 3, a4
BDA: selected modelf1g;f2g;f3;4g,i.e. 1, 2, 3= 4






