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exposure to higher levels of pm2.5 corresponds
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- The fine particular matter pm2.5 is composed
by different chemical components.

- Some events, as wildfires, can change the
chemical compositions.
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Rubin (1974)’s Potential Outcome Framework
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2. Positivity:
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3. Conditional ignorability:
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4. Indirectness of unmeasured confounding effects:

P(Y(1),Y(0) | X, L0, L1,U) = P(Y(1),Y(0) | X, L0, L1)
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Treatment-specific factor scores
Dependent Dirichlet Process:

probit stick-breaking process (Rodriguez and Dunson, 2011)

litj | xi, 𝜇, 𝜎2 ∼
∑
r≥1

𝜋tjr (xi)N (𝜇r, 𝜎2
r )

𝜋tjr (xi) = Vtjr (xi)
∏
g<r

{1 − Vtjg (xi)}

Vtjr (xi) = Φ(atjr (xi)) atjr (xi) ∼ N (xTi 𝛼tjr, 1)
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Treatment-specific factor loadings
Multiplicative gamma shrinkage prior (Bhattacharya and Dunson, 2011)

𝜆tjh | 𝜅tjh, 𝜄th ∼ N
(
0, 𝜅−1tjh 𝜄

−1
th

)
∀j = {1 . . . Jt} t = {0, 1} k = 1 . . .∞

𝜅tjh ∼ Ga(𝜈t/2, 𝜈t/2)

𝜄h =
h∏
l=1

𝛿tl 𝛿t1 ∼ Ga (at1, 1) 𝛿tl ∼ Ga (at2, 1) l ≥ 2
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Error matrix

𝜉it ∼ Np(0, diag(𝜓i1t, . . . , 𝜓ipt))
for i ∈ {1, . . . , n} t ∈ {0, 1}
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Simulation study
Placeholder

Models comparison:

• CausalFA: our regression factor model with mixture distribution for the factor
score;

• StandardFA: regression factor model with standard prior: lt ∼ N(0, IJt);
• BART (Hill, 2011): estimated for each component of the multivariate outcome

independent;

• BCF (Hahn, et al., 2020): estimated for each component of the multivariate
outcome independent.



Comparison results: bias
Placeholder



Comparison results: MSE
Placeholder



Environmental Application



Causal effect of wildfire smoke on ambient chemical
Placeholder

Dataset sources: Krasovich Southworth et al. (2025), Federal Land Manager Environmental Database (F.E.D. IMPROVE, 2024), GitHub repository

echolab-stanford/daily-10km-smokePM (Child, et al 2022), Harvard Dataverse (Audirac, 2024), tidycensus R package (Walker et al., 2021).
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Wrapping up
Placeholder

multivariate
outcome

factor model

factor scores

BNP prior

• We define a causal inference framework for
multivariate potential outcomes.

• We introduce a Bayesian regression factor model
for causal inference framework.

• We employs a dependent Dirichlet process as
distribution for treatment-specific factor scores for
overcome missing data problem.
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