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A journey into statistical biodiversity

Biodiversity timeline

>
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Approximately 80 years ago... Fisher et al. (1943)

[42]

‘ Constant derived
THE RELATION BETWEEN THE NUMBER OF SPECIES AND

r

THE NUMBER OF INDIVIDUALS IN A RANDOM SAMPLE from the data x
OF AN ANIMAL POPULATION Expected number
By R. A. FISHER (Galton Laboratory), A. STEVEN CORBET (British Museum, Natural History . . D —
~D C. B. WILLIAMS (Rothamsted Experi { Of SpeC|eS appearlng a X
r times Y

Sample size

Y® = glog(1+ =
a

N. of species

Fisher, Corbet
and Williams
(1943)

Fisher’s log-
series model
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Early ideas (Good 1953; Good and Toulmin 1956)

[45 ]

Vorume 40, PARTS 3 AND 4 DEecEMBER 1953
THE NUMBER OF NEW SPECIES, AND THE INCREASE IN
POPULATION COVERAGE, WHEN A SAMPLE IS INCREASED

THE POPULATION FREQUENCIES OF SPECIES AND THE Bil. J. GOOD axw G H: TOULMIN

ESTIMATION OF POPULATION PARAMETERS A sample of size ¥ is drawn at random from a population of animals of various species

Methods are given for estimating, knowing only the contents of this sample, the number of

By I. J. GOOD species which will be represented r times in a second sample of size AN ; these also enable us

. 8 i to estimate the number of different species and the proportion of the whole population

£ S asmple i soswn from & Populasion of esimials of vetious Specien (e Seory may represented in the second sample. A formula is found for the variance of the estimate; when

applied to studies of literary vocabulary, for example.) If & particular species is representg
in the sample of size N, then 7/N is not a good estimate of the population frequency, p, Wi this variance becomes in general very large, so that the estimate is useless without
godification. This difficulty can be partly overcome, at least for A < 5, by using Euler’s

The estimates are expressed in terms of smoothed values of the numbers n, (r=1, 3 S . . .
is the number of distinct species that are each represented r times in the sample. 3 vith a suitable parameter or the methods described by Shanks (1955) to hasten the
as *the frequency of the frequency r".) Turing is acknowledged for the most inte ; e of the series by which the estimate is expressed. The methods are applied to
part of the work. An estimate of the of the i . .

in the sample is an immediate corollary. Estimates are made of measures ords from Our Mutual Friend, to an entomological sample, and to a sample of
population, including Yule's ‘ characteristic’and Shannon’s ‘entropy’. Metho facaulay’s essay on Bacon.
do depend on ions about the i It is here that
by other writers. It is pointed out that a hypothesis can give & good fit to |
quite the wrong value for Yule's characteristic. An examplo of this is
Williams's on Macrolepidoptera.

1. INTRODUCTION
a further development of the theory expounded by Good (1953); that paper
to, for brevity, by the letter G throughout.
random sample of size N, the basic sample, to be drawn from an infinite
animals of various species, and suppose that n, distinct species are each
actly r times in the sample, so that

1. Introduction. We imagine a random sample to be drawn frof
animals of various species. Let the sample size be N and let 7
represented exactly r times in the sample, so that

(1)

S, = N. >,
r=1 =
The sample tells us the values of 7y, 7,, ..., but not of n,. In fact, d= :‘7‘ n,

7, should be finite though we shall find it convenient to suppo

Notion of sample coverage

+
Fisher, Corbet Good Good and
and Williams (1953)  Youlmin Prediction of species on a further sample

(1943) (1956)

Prediction of N.
of species in a
further sample

Fisher’s log-
series model
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The Ewens sampling formula Ewens (1972)

THEORETICAL POPULATION BIOLOGY 3, 87-112 (1972)

Distribution of allelic partition from neutral selection The Sampling Theory of Selectively Neutral Alleles*

W. J. Ewens'
’/rl1 a”eles represented Ones, m2 represented Department of Zoology, University of Texas at Austin, Austin, Texas, 78712
tWice etC Recetved August 17, 1971

DEDICATED TO THE MEMORY OF KEN KOJIMA

o’ L n!

al alleles.

P(my,...,m,)

a(a —I— 1).-.(a + n — 1) . 1 jmjmj! nce inter,
]: view

interest in the possibi

sampling theory seerr

. n . roblems in this ar
with Zj=1]°mj=n probl 1

this paper.

Fisher, _C_orbet Good Good a_nd Ewens
and Williams (1953) Toulmin (1972)
(1943) (1956)
Fisher’s log- Prediction of N. Ewens’
series model of species in a sampling
further sample formula

ZDEGLISTUDI
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The Dirichlet process (Ferguson 1973)

A BAYESIAN ANALYSIS OF SOME

NONPARAMETRIC PROBLEMS

By THoMAS S. FERGUSON

Fisher, Corbet Good Good and
and Williams (1953) Toulmin
(1943) (1956)
Fisher’s Iog- Prediction of N.
series model of species in a
further sample

Ferguson
Ewens (1973)
(1 972) Antoniak
(1974)
Ewens’  pirichlet

sampling process
formula

Home page

The partition from a DP is just a re-write of
the Ewens formula!

P(ny, ..., n) ( ) H(n —1)!

Chinese Restaurant Process
(Blackwell and MacQueen, 1973)

v XJ* wW.p. nj/(a+n)

17 Y new w.p. al(a+n)
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... and species sampling models (Pitman 1996)

Species sampling models: exchangeable
generalization of the Dirichlet process

Notion of o-diversity: asymptotic behavior of
the number of clusters adjusted for the growth

y®
— > S
Cs(n) N
7 a
IOg n in the Dirichlet process
Ferguson
Fisher, Corbet Good and (1973) .
i Good . Ewens
and Williams (1953) Toulmin (1972) Antoniak I}’;tgrrg\g?
(1943) (1956) (1974)
Fisher’s log- Predicti?n c_of N. Ewen_s’ Dirichlet Speci_es
series model of species in a sampling process sampling
further sample formula models
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Ewens formula governs the neutral theory! (Hubbell 2001)

Unified neutral theory of biodiversity and existence of a
fundamental biodiversity number o

o = Twice the metacommunity size
times speciation rate

This is asymptotically equivalent to the a in
Fisher log-series!

- N

Ferguson
Fisher, pprbet Good Gccod and Eweie (1 973:) Pitman Hubtl
and Williams (1953) Toulmin (1972)  Antoniak (1996) (2001)
(1943) (1956) (1974)
Fisher’s log- Prediction of N. Ewens’  pirichlet Species Unified
series model of species in a sampling process sampling  neutral
further sample formula models theory
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All ties together (McCullagh 2016)

Thé Ubiquitous Ewens Sampl

Harry Crane

Abstract. Ewens’s sampli
matical
not only
the neutral

empha far g
we highlight these and many other ¢

ess, Ewens—Pitman distribution, Dirichlet c g
nental partition model, cyclic product distribution, clustering, Bayesian non-

parametrics, @-permanent.

“It is fair to say that Fisher almost discovered the
Ewens sampling formula. He had it in his grasp.

“|After all, he had only to compute the conditional
|distribution given the sample size, a task that was
«|both statistically natural and, for him,
«..|mathematically trivial.”

Jwo Ez

Ewens ¢

pter McCullagh

ing, perma

Ferguson
Fisher, Corbet Good and (1973) .
and Williams ((1;' ggg) Toulmin I(Erg;;)s Antoniak I:;tgrrgigy
(1943) (1956) (1974)
Fisher’s log- Prediction of N. Ewens’  pirichlet Species
series model of species in a sampling process sampling
further sample formula models
Home page

Hubbell
(2001)

Unified
neutral
theory

ions to the

Crane (2016)
McCullagh (2016)

The whole
sagal!

aurant process, Poisson process,
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Species sampling models

m et Xq,...,X,, be some collection of species or . Suppose X, are conditionally iid samples from
a

(Xa | D)~ B, B()= mdz(), n>1,
h=1

where (73)r>1 is a set of probabilities (species proportions) and Zj, represent distinct species.

= The discreteness of § identifies Y = y distinct taxa X7, ..., X with frequencies ni,...,ny, called
in ecology.

m Gibbs-type priors have emerged as the of the DP (De Blasi et al. 2015).
® The predictive distribution of a Gibbs-type prior is given by:

Vn n ,
P(X,1 € | X1,...,X,) = %p(.) +1y —0)6x: ().
n,y

7

where (a),, denotes a rising factorial, and o < 1 is the discount parameter. The V,, ,'s are non-
negative weights satisfying a forward recursive equation.
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Three notable examples

D (0 < 0). For o <0 and H € N, a valid set of Gibbs coefficients is given by:
o] TT52, (H — )
Vaylo, H) := = I(y < H).
,y( ) (H‘O“ n 1)n—1 (y )

= Dirichlet process (0 = 0). For 0 = 0 and a > 0, a valid set of Gibbs coefficients is given by:

oY
Voy(a) = :
’ (@)n
a (0 <o <1). Foro e (0,1) and gamma ~ > 0, a valid set of
Gibbs coefficients is defined as:
oYY 1
Vial(o,7) 1= [t (=997 as,

! L'(n—yo)fs (’7_1/") 0

where £, (t) = (7)1 2 (=1)"*1sin(hno)T(ho + 1) /th+1.
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A characterization theorem

Theorem (Gnedin and Pitman 2005)

The Gibbs coefficients V,, ,, satisfy the recursive equation in the following three cases:

" If 0 <0, whenever V,,, = >"" . V,, , (0, h)p(h), for some discrete random variable H € N with pdf
p(h), where the V,, (o, h)'s are those of the

m |f 0 =0, whenever V,,, = [... V,,..,(a@)p(da), for some positive random variable a with probability
Y R+ V1Y

measure p(da), where the V,, ,(a)’s are those of the Dirichlet process.

" If o €(0,1), whenever Vy,y = [i.. Vay(o,v)p(dy), for some positive random variable « with
probability measure p(d7y), where the V,, ,(c,)'s are those of the

m The , Dirichlet process, and form the foundation of any Gibbs-
type prior.

® |n fact, any Gibbs-type process can be represented hierarchically, involving a suitable
for the key parameters H, «, and ~.
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The quantification of biodiversity (Lijoi et al. 20072a)

® The simplest measure of biodiversity is arguably the taxon Yy = Y.
= A priori, the distribution of Y™ induced by a Gibbs-type prior has a simple form:

€ (n,y;0)

oY

]p(y(n) _ y) _ me

?

where €' (n,y; o) denotes a generalized factorial coefficient.
® The a priori expectations E(K3),...,[E(K,) define a model-based rarefaction curve.

® The posterior distribution of the number of previously unobserved taxa Yn‘f) is

Vn+m,y+j Cg(m, j; o,—n + yO')

PY™ =j| Xq,...,X,) =
(m .7| 15 ) ) Vn,y o

7=0,...,m,

)

where €' (m, j; 0, —n + yo) is the noncentral generalized factorial coefficient.

" The posterior expectations E(Y ") | Y() =) . E(Y®™+™) | Y = y) represents a model-based

of the accumulation curve.
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Rarefaction and extrapolation
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The o-diversity (Pitman 2003)

m Let Y™ be the number of distinct values arising from a Gibbs-type prior:

i. Let 0 < 0 and V, (0, H) be the weights of a ,then Y™ — H ass.

ii. Let 0 = 0 and Vj,,(a) be the weights of a Dirichlet process, then Y™ /log(n) — « a.s.
iii. Let 0 € (0,1) and V;,4(0,y) be the weights of a  then YW /n® — 4 as.

= Moreover, consider a generic set of weights V,, , and let

(1, o <0,

co(n) = { log(n), o =0,

([ n?, oec(0,1)
Then, as n — oo:
Y™ s
> Sy
cs(n)

The r.v. S, is the o-diversity and its distribution coincides with the prior for H, «, and .
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The o-diversity (Pitman 2003)

® Broadly speaking, the o-diversity can be seen as a
®m The o-diversity is deterministic and assumed to be known in the Dirichlet multinomial, Dirichlet
process, and

® However, the o-diversities H, a, or v are typically unknown, and they can be estimated employing a

prior distribution, leading to a Gibbs-type prior.

®m The posterior law of the o-diversity is a key quantity for measuring . The posterior law

of S, has an elegant connection with accumulation curves.

Theorem (Rigon et al. 2025b)
Let Xq,..., X, m be a sample from a Gibbs-type prior with Y ™) distinct values. Then:

( Y(n+m)

cs(m)

d 5 5 d
|X1,...,Xn>—>SU, Se = (S5 | X15...,Xn),
as m — 0o, where S, is the o-diversity.
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Tree species in the Amazon Basin (Hubbell et al. 2008)

® Bolivia ® Colombia ® FrenchGuiana © Peru © Venezuela
Country
® Brazl e Ecuador ® Guyana ©  Suriname
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" How to get a Bayesian estimator for the biodiversity? We can place a prior on a and the compute
its posterior distribution using Bayes theorem.

m Posterior distribution of the o-diversity a, under a (conjugate) Stirling-gamma prior (Zito et al.
2024). The dotted lines represent 95% credible intervals. The dashed line is the posterior mean.
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Historical summary and extensions

® The fundamental biodiversity number « is a growth-adjusted richness:

Y s
logn

> a, n — 00

® The a from the neutral theory, DP and Fisher log-series is the same for large n:

n ~DP
__ ~Fisher 1 1 n Undeli\ldarge n Q B
y=a " log |1+ e ~ P 7 Y
o — o+ - 1
~ N = ;7:::
Solution from Fisher N ~- ~
MLE from Hubbell and DP

® There are a lot of possible extensions. This is a very list:

® The choice o € (0,1) allows for polynomial growth (Lijoi et al. 2007b; Pitman and Yor 1997)
while o < 0 leads to a finite richness (Gnedin 2010; Lijoi et al. 2020).

® Multiple samples, a.k.a. partial exchangeability (Camerlenghi et al. 2019; Franzolini et al. 2025)

® Enriched processes, taxonomical data (Rigon et al. 2025a; Rigon et al. 2025b; Zito et al. 2023).

® |ncidence data and (Ghilotti et al. 2025).

= What about ?
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